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oT Monge formulation

Optimal transport
Balanced Optimal transport: Monge formulation

[ optimal transport

OT (1, 12) = ir:f/c(x,t(x)) dp(x)

where t is a transport map and typ1 =

—m

L. Chapel . UOT: formulation and computational solutions . GDR IASIS, Feb. 2025 3/24



oT Monge formulation

Optimal transport
Balanced Optimal transport: Monge formulation

[ optimal transport

OT (1, 12) = ir:f/c(x,t(x)) dp(x)

where t is a transport map and typ1 =

—m

L. Chapel . UOT: formulation and computational solutions . GDR IASIS, Feb. 2025 3/24



oT Monge formulation

Optimal transport
Balanced Optimal transport: Monge formulation

[ optimal transport

OT (usoi) 2 inf [ cx,t00) da()

where t is a transport map and tup1 = 1

Defines for each particle located at x what is its destination t(x)
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oT Monge formulation

Optimal transport
Balanced Optimal transport: Monge formulation

[ optimal transport

OT (usoi) 2 inf [ cx,t00) da()

where t is a transport map and tup1 = 1

Defines for each particle located at x what is its destination t(x)

® Among other conditions, implies that p; and u; have the same masses (no mass creation nor
destruction)
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oT Kantorovich formulation

Optimal transport
Balanced Optimal transport: Kantorovich formulation

= imal transpor i
optimal transport Linear loss

OT(ui ) & inf / xy) dvix.y)
~ € T(p1, pa) 7 XXY

where (1, p2) o {vy e Mi(X xY)st. (mx)py = pand (my)py = p2 }withm : X x Y — X,

L. Chapel . UOT: formulation and computational solutions . GDR IASIS, Feb. 2025 4/24



oT Kantorovich formulation

Optimal transport
Balanced Optimal transport: Kantorovich formulation
[ optimal transport Linear loss
OT(u) 2 inf [ dxy) rtxy)
v € T(p1, pa) JXXY

where (1, p2) o {vy e Mi(X xY)st. (mx)py = pand (my)py = p2 }withm : X x Y — X,

—u with (m)xy = 1 @

~AX,y) >0

and (my)#y = 2

The transport plan ~(x, y) specifies for each pair (x,y) how many particles go from x to y
m Still implies that 1 and py have the same masses
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oT Kantorovich formulation

Optimal transport
Balanced Optimal transport: Kantorovich formulation
[ optimal transport
OT(u) 2 inf [ dxy) rtxy)
XXY

¥ € T(p1, p12)

where (1, p2) o {vy e Mi(X xY)st. (mx)py = pand (my)py = p2 }withm : X x Y — X,

m Can be rewritten with a penalty term

OT (p1,p2) =  inf c(x,y) dv(x,y) + L=y ((m)evlm) + L=y ((my)pyip2)
~ >0 JXxY

with [;—y(v|u) is 0 if v = p and oo otherwise.
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oT Kantorovich formulation

Optimal transport
Balanced Optimal transport: Kantorovich formulation
[ optimal transport
OT(u) 2 inf [ dxy) rtxy)
XXY

¥ € T(p1, p12)

where (1, p2) o {vy e Mi(X xY)st. (mx)py = pand (my)py = p2 }withm : X x Y — X,
m Can be rewritten with a penalty term

OT (p1,p2) =  inf c(x,y) dv(x,y) + L=y ((m)evlm) + L=y ((my)pyip2)
~ >0 JXxY

with [;—y(v|u) is 0 if v = p and oo otherwise.

m When the distributions are p1 =0 hidy and pa = 357 gjdy, it is written

OT (p1,p2) = min > Gy
vy € M(p1, m2) iy

It is the same as the problem between their associated probability weight vectors h and g, with the cost
matrix C depending on the support of p1 and p;:

OT c (h,g) = OT(u1, p2)
with Ci; = C(x;,y;) and v € R™"
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oT Some applications and limitations

Optimal transport
Balanced Optimal transport in action

m But, in many applications, we cannot/do not want to have the same masses, we may want to discard
some outliers or limit the impact of the noise or we would like to reweight the distributions
m In biology, there are different cell proliferation or death in different sub-populations [14] or we may want to
identify common genes [4].
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oT Some applications and limitations

Optimal transport
Balanced Optimal transport in action

m But, in many applications, we cannot/do not want to have the same masses, we may want to discard
some outliers or limit the impact of the noise or we would like to reweight the distributions
m In biology, there are different cell proliferation or death in different sub-populations [14] or we may want to
identify common genes [4].
m In color transfer, to account for different proportions of colors [2]

(c) Full histogram matching (d) Partial histogram matching
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oT Some applications and limitations

Optimal transport
Balanced Optimal transport in action

m But, in many applications, we , we may want to
or we would like to the distributions
m In biology, there are different cell proliferation or death in different sub-populations [14] or we may want to
identify common genes [4].
m In color transfer, to account for different proportions of colors [2]
m In geophysics, when averaging different models [12]

Model 1 Model 2 Model 3 Model 4
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oT Some applications and limitations
Optimal transport
Balanced Optimal transport in action

m But, in many applications, we , we may want to

or we would like to the distributions

m In biology, there are different cell proliferation or death in different sub-populations [14] or we may want to
identify common genes [4].

m In color transfer, to account for different proportions of colors [2]

m In geophysics, when averaging different models [12]

m In machine learning, when some of the points are out of the distribution, for instance with WGAN [13]
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oT Some applications and limitations
Optimal transport
Balanced Optimal transport in action

m But, in many applications, we , we may want to

or we would like to the distributions

m In biology, there are different cell proliferation or death in different sub-populations [14] or we may want to
identify common genes [4].
m In color transfer, to account for different proportions of colors [2]
m In geophysics, when averaging different models [12]
m In machine learning, when some of the points are out of the distribution, for instance with WGAN [13]
m In topological analysis, to extract (topological) features such as gaps, connected component
Input functions OT (with f=g) =0  OT (with noise) = 115
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oT Some applications and limitations

Optimal transport
Balanced Optimal transport in action

m But, in many applications, we , we may want to
or we would like to the distributions

m In biology, there are different cell proliferation or death in different sub-populations [14] or we may want to
identify common genes [4].
In color transfer, to account for different proportions of colors [2]
In geophysics, when averaging different models [12]
In machine learning, when some of the points are out of the distribution, for instance with WGAN [13]
In topological analysis, to extract (topological) features such as gaps, connected component
m How to define outlier and noise-robust OT?

m define robust variants of OT (e.g. medians of means OT, low rank constraints on the OT plan)

B pick a dedicated ground cost to avoid too much influence of samples that are too far away from the distributions

| ]

> destroy mass, in order to discard some outliers

> rebalance the weights, in order to account for noise
] is often used in this context
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uot Definition

Unbalanced Optimal Transport
Definition
u : relax the mass conservation constraint

NUMERICAL RESOLUTION OF AN “UNBALANCED” MASS TRANSPORT
PROBLEM

JEAN-DAVID BENAMOU!

Abstract. We introduce a modification of the Monge-Kantorovitch problem of exponent 2 which
accommodates non balanced initial and final densities. The augmented Lagrangian numerical method
introduced in [6] is adapted to this “unbalanced” problem. We illustrate the usability of this method
on an idealized error estimation problem in meteorology.

Mathematics Subject Classification. 35J60, 65K10, 78 A05, 90B99.

Received: April 1st, 2003.

2.4. The mixed distance

In this paper we propose to work on unbalanced data by considering the mixed Wasserstein/L?-distance in
the following sense: given two possibly unbalanced densities po and pi, find p; — the closest density to p; in
the L2-sense — which minimizes the Wasserstein distance dyass (po, p1)- It can be formulated as

inf {dwass(ﬂu,ﬁl)z + %du (ﬁhpl)z} (16)
p

iy
J po(x)ax = [ pa(y)dy
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uot Definition

Unbalanced Optimal Transport
Definition

m Regularizing the optimal transport, by replacing the hard constraints with some divergence D
Linear loss

UOT (pa, p2) 2 inf / c(x,y) dy(x,y)
¥ >0 JRIXRA

+ X (D((h)gylua) + D((m*)gylmz) )

A > 0: relaxing the constraints.
When A — oo we recover the balanced OT problem.
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uot Definition

Unbalanced Optimal Transport

Definition
m Regularizing the optimal transport, by replacing the hard constraints with some divergence D
Linear loss
UOT (i) = inf [ c(x.y) dv(x.)
~¥>0 RI xRY

+ A D((m")ylpa) + D((w*)pyIp2) )

A > 0: relaxing the constraints.
When A\ — oo we recover the balanced OT problem.
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uot Definition

Unbalanced Optimal Transport
Definition

m Regularizing the optimal transport, by replacing the hard constraints with some divergence D
Linear loss

UOT (pa, p2) 2 inf / c(x,y) dy(x,y)
¥ >0 JRIXRA

+ X (D((h)gylua) + D((m*)gylmz) )

A > 0: relaxing the constraints.
When A — oo we recover the balanced OT problem.

m Depending on D, has often similar properties as OT (is a distance, weak convergence etc.)
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uot Definition

Unbalanced Optimal Transport
Definition

m Regularizing the optimal transport, by replacing the hard constraints with some divergence D
Linear loss

UOT (pa, p2) 2 inf / c(x,y) dy(x,y)
¥ >0 JRIXRA

+ X (D((h)gylua) + D((m*)gylmz) )

A > 0: relaxing the constraints.
When A — oo we recover the balanced OT problem.
m Depending on D, has often similar properties as OT (is a distance, weak convergence etc.)
m Questions:

m How to write the problem for discrete distributions?
m Which D?
m how to solve the problem?
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uot Discrete formulation

Unbalanced Optimal Transport
Discrete UOT
m We denote i1 = (7')4v and fi; = (7%)4~ the marginals of ~
m When the distributions are discrete i1 = >_7; hidy; and pa = 377, gjdy, it is written

UOT (p1,m2) £ min 3 Gy + A ( D((7)v|pa) + D((w?) 4vlm2) )
¥=0

or [8]

UOT (pa, 12) min OT (fir, i) + A ( D(fa|p) + D(Palp2) )

f1,f12 >0

11 and [i; + deviation penalty
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uot Discrete formulation

Unbalanced Optimal Transport
Discrete UOT

m We denote fi; = (7!)4v and fi; = (7%)4~ the marginals of ~
m When the distributions are discrete 3 = 27:1 hidx, and py = >

UOT (p1,m2) 2 min 35, Gy + A ( D((7)v|pa) + D((w?) 4vIm2) )

¥=0

or [8]

UOT (n1,m2) = min OT(fin, f2) + A ( D(Aalps) + D(Palp2) )

fi1, i >0

= OT between surrogate distributions /i1 and /i, + deviation penalty

L oa 0L oa

i1 iy it is written

== |

"

"

Balanced OT
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uot Discrete formulation

Unbalanced Optimal Transport
Discrete UOT

m We denote fi; = (7!)4v and fi; = (7%)4~ the marginals of ~

m When the distributions are discrete p1 = Z,’.’:l hidx, and pp = Z}"Zl g,-(Sy,., it is written

UOT (p1,p2) 2 min > Gyyij + A ( D((m)ylm) + D((7*)pvlia) )
¥=0
or [8]

UOT (1, p2) = min OT(pn, i) + A ( D(fa|pa) + D(f2lp2) )
fi1, i >0

f11 and [i, + deviation penalty
OT, cost = 0.20 Unbalanced OT, cost = 0.14

A\\\
ig R
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uot Discrete formulation

Unbalanced Optimal Transport
Discrete UOT
m We denote i1 = (7')4v and fi; = (7%)4~ the marginals of ~
m When the distributions are discrete i1 = >_7; hidy; and pa = 377, gjdy, it is written

UOT (p1,m2) £ min 3 Gy + A ( D((7)v|pa) + D((w?) 4vlm2) )
¥=0

or [8]

UOT (pa, 12) min OT (fir, i) + A ( D(fa|p) + D(Palp2) )

f1,f12 >0

11 and [i; + deviation penalty

m It is very often restated as

[1>

UOTc(h,g) min 3%, Gjyij + X ( D(yLnlh) +D(v " 1,lg) )

¥=>0

in which the divergence does not depend on the support of u1 and u;
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uot Discrete formulation

Unbalanced Optimal Transport
Discrete UOT
m We denote fi; = (n!)4v and fi; = (7%)4~ the marginals of ~
m When the distributions are discrete i1 = >-7; hidy, and pa = 377, gdy, it is written

UOT (1, p2) = min > Gy + A (D((7)wvlia) + D((n?) 4y lm2) )
¥=>0

or [8]

UOT (p1, p2) min OT(pa, i) + A ( D(fa|pa) + D(falp2) )

f1, 02 >0

11 and [i; + deviation penalty @

m It is very often restated as

UOTc(h,g) £ min 3, . Gyyij +A( D(ylmlh) +D(v" 1alg) )
¥20

in which the divergence does not depend on the support of 1 and u;

@
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uot Motivation

Unbalanced Optimal Transport
Motivation and questions

Selecting the right notion of discrepancy is the key
Diverse spectrum of formulations (e.g. Sliced Unbalanced OT [1, 6])
Does not need to assume common ground cost (Unbalanced Gromov-Wasserstein [5, 12])

Additional regularization (entropic) can also be considered
Discuss several discrepancies for the regularization

m give their main features
B give associated computational methods
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UOT for creating and destroying mass Partial OT

(» UOT for creating and destroying mass
Partial Optimal Transport

UOTc(h,g) 2 min > G+ A (vl —hli+ [y 1o —gl: )
¥y=>0 ij
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UOT for creating and destroying mass Partial OT

(» UOT for creating and destroying mass
Partial Optimal Transport

UOTc(h,g) 2 min > G+ A (vl —hli+ [y 1o —gl: )
¥y=>0 ij

is equivalent to writing

UOTc(h, g) = inf Z C,',j’y,',j
vy €l<(h,g) ij

where T<ng) = {7 >0, yIn <handvy'1,<g and 1,~ln=5s}
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UOT for creating and destroying mass Partial OT

(» UOT for creating and destroying mass
Partial Optimal Transport

UOTc(h,g) 2 min > G+ A (vl —hli+ [y 1o —gl: )
¥y>0 i
is equivalent to writing
UOTc(h, g) = inf Z C,',j’y,',j

vy €l<(h,g) ij

where T<ng) = {7 >0, yIn <handvy'1,<g and 1,~ln=5s}

s=0.1 s=0.5 s=09

° 8o
oP °Po °Po
°
°es j/y
° . K
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UOT for creating and destroying mass Partial OT

(» UOT for creating and destroying mass
Partial Optimal Transport

UOTc(h,g) & inf > Gy
i

YEN<(h,9)

where T<ng) = {7 >0, yIn<handvy'1,<g and 1,vln=5 }

m Can be solved easily by adding dummy points = ||g]|x — s and gmi1= ||h]]1 — s with null cost and
solve the extended OT problem [5, 3]
s=0.1 s=05 s=09

® 0 8

0520 o%go > o‘bo
% s
L AP ‘n. (<] ° &

° e © °

m Any OT solver can be used!
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UOT for creating and destroying mass UOT with quadratic penalty

(» UOT for creating and destroying mass
Unbalanced Optimal Transport with L, penalty

UOTe(hg) = min 3, Gy +A( s —hiE + v "1, — g} )

is equivalent to writing, in a vectorial form:

. 1
UOTc(h,g) = min [Hy —yli + 5 e llwl
0 1 weighted L1 (Lasso) regul.

where ¢ = vec(C), v = vec(v),y" =[h",g"] and H is a design matrix.
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UOT for creating and destroying mass UOT with quadratic penalty

(» UOT for creating and destroying mass
Unbalanced Optimal Transport with L, penalty

UOTe(hg) = min 3, Gy +A( s —hiE + v "1, — g} )

is equivalent to writing, in a vectorial form:

. 1
UOTc(h,g) = min [Hy —yli + 5 e llwl
0 1 weighted L1 (Lasso) regul.

where ¢ = vec(C), v = vec(v),y" =[h",g"] and H is a design matrix.
We can borrow the tools from a large literature on solving those problems!
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UOT for creating and destroying mass UOT with quadratic penalty

(» UOT for creating and destroying mass
Unbalanced Optimal Transport with L, penalty

m Solutions are piecewise linear with }

m We can find the set of all solutions for all A values
start with A =0

loop

increase A until there is a change on the support of ~,
update -y, (incremental resolution of linear equations)
repeat until A = oo

VAN e
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UOT with geometric information Taking into account the support

(2 UOT with surrogate distributions
Taking into account the support with surrogate distributions, formulation

m For now, we have considered the following formulation

UOTc(h,g) £ min 3, Gyyij +A( D(ylmlh) +D(v" 1alg) )
¥=>0

in which the divergence does not depend on the support of x1 and u;
m What if we also take into account the support of the samples?

UOT (1, 12) = min OT (fi1, i) + A ( D(fia|p) + D(fa|p2) )
fi1, i >0
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UOT with geometric information Taking into account the support

(2 UOT with surrogate distributions
Taking into account the support with surrogate distributions, formulation

m For now, we have considered the following formulation

UOTc(h,g) £ min 3, Gyyij +A( D(ylmlh) +D(v" 1alg) )
¥=>0

in which the divergence does not depend on the support of x1 and u;
m What if we also take into account the support of the samples?

UOT (1, p2) = min OT (fi1, i) + A ( D(fia|p) + D(fa|p2) )
fi1, i >0
m Which D?
> MMD [11]
> 0T [9]

m The price is that it involves optimization over all possible joint measures
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UOT with geometric information Taking into account the support

(2 UOT with surrogate distributions
UOT with OT penalty

m Unbalanced OT with an OT penalty: rebalancing the weigths RebOT [10]

UOT (1, p2) = min OT(pa, 12) + A ( OT(pa, ) + OT (P2, p2) )
fu, 12 >0

= do not allow some mass variation, rather rebalance the mass as the mass of ji; should be equal to p;
11 and fi; provide compressed representation of p1 and u;
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UOT with geometric information Taking into account the support

(2 UOT with surrogate distributions
UOT with OT penalty

m Unbalanced OT with an OT penalty: rebalancing the weigths RebOT [10]

UOT (1, p2) = min OT (fu, fi2) + A ( OT(pu, p1) + OT (P2, 12) )
fi1, i >0

= do not allow some mass variation, rather rebalance the mass as the mass of ji; should be equal to p;
11 and fi; provide compressed representation of p1 and u;

m Can be solved with any convex solver (e.g. CVXPY), is a distance

Exact OT Partial OT UOT with KL penalty UOT with OT penalty
w8 = Source samples - . . L s o "
SN o Targetsamples ¢ L A SN 3 AR T Y oo ° %

N 2z, \ > ; ; ]

\\ . \ . . Z \‘ - .
= . N & - LT ]
. R S . . - ey . B,
/'f'\ /-'\ . St
Z N 7 N\
X N\ Z 3 N ) ]
> >© e 8
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UOT with geometric information Taking into account the support

(2 UOT with surrogate distributions
UOT with OT penalty

m Unbalanced OT with an OT penalty: rebalancing the weigths RebOT [10]

UOT (1, p2) = min OT(fi1, i) + A ( OT (P, pa) + OT (P2, p2) )
fi1, i >0

= do not allow some mass variation, rather rebalance the mass as the mass of ji; should be equal to p;
11 and fi; provide compressed representation of p1 and u;

m Can be solved with any convex solver (e.g. CVXPY), is a distance

Exact OT Partial OT UOT with KL penalty UOT with OT penalty

= Source samples

.‘;"&\-‘ Ta-rgelsamples -/. ’Y -:.‘\'i\\t - -/. “a ."’N.\\ - » . “ }";"Doo.\ D °é %

i G LI L
e e " e PR [RET N
2 2% - - O
'/ .\\ N "./ \~\ ~ 7 .
& N 7 RN Z ¥ 5 | ]
A NN LT NN Lo > . A po e

m Outliers: points with small mass on the rebalanced distribution fi; and i,
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Conclusion

Unbalanced Optimal Transport
Conclusion and pen challenges

m Conclusion

m UOT is mandatory for many applications
m (many) efficient solvers exist
m implementation in POT python toolbox !

m Some open challenges

m outlier removal?
m which statistical guarantees?

Rk

M. Alaya C.Févotte R.Flamary G.Gasso G.Mahey F. Tobar

many figures have been generated with POT https://pythonot.github.io/
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